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! on the left side of

(3*.3) which contains DkAE)VH'_S_Hk) as a constant factor has the form, adding up in
(4*.5) the column with this factor,

k X .
(3*.6) Z(n _Si_1+lIi__li)DkAg)v+n_s_k+k)
i=0

The following formula is well known:

K ‘m—s—1+iYs—i n
T

which becomes formula (1*.2) for k=2. Now, since in

S (n—s—1+1) (.
aszz[ ) )WS—IDI
i=0 1

The exponent of D sums from i=0 to i=s, we have, finally,

Agv+n—l) _ i(E]DkA(()V+n—1—s+k)

k=0
which is formula (3*.1) and proves Theorem 4. From formula (3*.1), we have the
single cases

Thus the general term in the sum of coefficients of w"

_ - n _
(3*.8) A§v+n 1) :Agv+n 2) +[1 )DAg)v+n 1)
and
(3* 9) A(v-»l—n—l) IAE)V-H])
. n—
(3*.9) is a very surprising relation and will be applied in the next section. Similarly,
- _ n _ n s
(3*10) A(2v+n 1) :Aévﬂl 3) +[1 )DAE)VH] 2) +(2)D2Aév+n 5),etc.

4*, Approximation of irrationals by rationals.
We shall investigate especially the case D=1, but produce first formulas for any value
of D. We obtain from (3*.8) and (4.3)

. (v+n-1)
0) }gl:o A1 AE)v+n—2) " nDAE)VHl_I)
4= lim A (V=D _Vl_rilo_ A (V=D
V300 0 0
(v+n-2)
0

w+(n—-1)D=nD+ \}E}I;lo A(()V+n—1)
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(v+n-2) A(v+n—1)
(4*.1) w=D+ lim —2 =D+ lim —2
V300 A(v+n—1) V300 A(v+n)
0 0

For D=1, w=%, and from (2*.4) and (4*.1) we obtain the approximation

formula
Z [yl +YQ +...+ynﬁbyk+l
Y3~ Y (n=i)y;y=v,i=0,.,n-1{ Y12 ¥25¥n o

y (yl +Y, Foty, }i;llbykﬂ
Y (n=i)y;  =v+Li=0,.,n-1\ Y12 Y2 ¥n ko

n
by :(k]kzo,...,n—l;bo =1

The approximation are not very close, and we would have to continue a few
steps further to get a closer approximation. Formula (3*.9), surprisingly simple as it

is, does not yield any news. It enables us to calculate wht by means of the powers,
wi, k=1,...,n-2.

We have approximately, expanding 82 = 1+ 1)1/Il by the binomial series,
2 =1+ !
n

According to our approximation formula (4*.1) with D=1,
A(n)

(n+l) _ A (1) (14 (2) n (m) _{ n (n) _ A () _
Ay T =A +(1}A0 +...+(n_le0 _(n—l)AO =nA;,’ =n

n -
I)Af)n D :A(()O) :1,%zl+l, as should be.
n

. m) _ A (0) @D
since Ao —AO +A0 +...+(

5*. Diophantine equations.

We shall construct two types of Diophantine equations of degree n in n
unknowns and state their explicit solutions, which are infinite in number. We have
from (4.2)

(v+n) (v+n+l) (v+n+2) (v+n+n-1)
Ay Ay Ay Ay

A§v+n) A§v+n+1) A§v+n+2) .“A§V+Il+ll—l) B

(5*.1) =)@V v=0,1

(v+n) (v4n—1) (v4n+2) (v4n-+n—1)
An—l An—l An—l An—l
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Substituting in (5*.1) the values of Agt) from (3*.1) we obtain, after simple

Trow rearrangements,

(v+n) (v+n+1) 4 (v+n+2) (v+n+n-1)
Ay A, A,  AY
A(()V+n_1) A(()V+n) A(()V+n+1) ...A(()V+n+n_2)
A(()v+n—2) A(()v+n—l) A(()v+n) .“Af)v+n+n—3)
(5%.2) | =EDEY

(v+3) (v+4) (v+5) (v+n+2)
A, A, Ay LAy

(v+2) (v+3) (v+4) (v+n+1)
A, A, Ay LAY

A(()v+l) A(()V+2) A(()V+3) A(()v+n)
We introduce the notation
(5%.3) Xy =AY k=12,...,n
AE)V-H() =A(()v+k—n) +b1A(()v+k—n+l) +b2A(()v+k+2—n) +...+bn_1AE)V+k_1)
5% .4
%4 b, :(E)Dk,k =0,1,.,n—1,v=12,..

We introduce these notations in (5*.2) and then make the following
manipulations in this determinant.

From the first row we subtract the b; multiple of the first row from below, then
the b, multiple of second row from below,..., then the bith multiple of the kth row
from below, k=1,...,n-1.

Then (5*2) takes the form, in virtue of (5%*.3) and (5*.4)

n-1
Xv,n - Zkav,k Xv,l Xv,2 Xv,n—l
k=1
(v+n-1) (v+n) (v+n-1) (v+n+n-2)
(5%*5) A(O +n-2) A(O+n—1) AO( +n) “‘A(() +n+n-3) —(—1)(“_1)v
Ay Ay Ay LAY -
(v+2) (V+3) (v+4) (vin-D)
AO AO A0 A0
Xv,l XV,Z Xv,3 Xv,n

We subtract from the second row the b, multiple of the first row from below, the bs
multiple of the second row from below,..., the by multiple of the (k-1)th row from
below; the determinant (5*.5) then takes the form (k=2,...,n-2):
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(5%*.6)
nil
X - YLb X X X X X
v,n k=1 k“ v,k v,1 v.2 v.3 v,n—1
n-=2 n-2
Xv,nfl - kglbkﬂxv,k Xv,n - kélkaXv,kJrl Xv,l + lev,Z Xv,2 + blxv,3 Xv,n72 + bIXv,nf
Vil Xv2 X3 Xya X

_ (_l)(n—l)v

Continuing this process by another step, the third row of determinant (5*.6)
will have the form

n-3 n—-3 n-3
Xyn2 = 3 b Xk Xy o1 = Yo b Xy kX = Y bea X, o
k=1 k=1 k=1

Xy1+bX 0 +b,X 35X, 0 +51 X3 +b,X, 4.
Xv,n—3 +b1Xv,n—2 +b2X

Generally we subtract from the th row in (5*.2) the b; multiple of the first row
from below, then the b;,; multiple of the second row from below,..,the b ,.; multiple
of the (n-1)th row from below (i=1,..,n-1). The reader can verify, that by these
operations the determinant (5*.2) transforms into one containing only the unknowns
Xy.i (i=1,..,n), which yields the Diophantine equation of degree n in these unknowns.

v,n—1

6*. More diophantine equations.
The (BGEA) of a is purely periodic with length of the primitive period m=1.

n-1 1 n—1

(0) n—l-(m-1+ l}wn—l—i i n-l-ini
; 1 i=0

we have by Theorem 2 and formula (4.7)

Since

n—1 .
(6*.1) W' +Dw 2+ +D" ) =Y aPAl v=12...
i=0
We find the norm of (w" ' +Dw" 2 + ..+ D" )", We have
D" —-w" =-1,
n-1
(6%.2) D" —w" ==Y (D-p,w)=-N(D-w),
k=0

p =e2MK/M K —01,..,n—1

But w" ' +Dw" 2 +..+D" ' =—(D—w)'; hence,
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6*3) N(w? ! +Dwh 2 4 D" )yVio @DV y 12 . n=23.
We have

n—1 .
Y 2@l =ABV) +I:W+(nIl)D}A8v+l) +[W2 +(n-§2)DW+(n—21)D2}AE)V+2)
i=0

+ w3+[n_3}w2D+(n_2)wD2+(n_l 3 a0,

1 2 3 0
n—1 1) n-1 2\ n-2,2 n—1Y).n-1|, (vitn-1)
+|{w +(1)w D+(2)w D +...+(n_1)D }AO
Denoting
"o n-1-k +k
(6*.4) Xok= Y (n S }\gw 'D*, k=0,1,...n—s
s=0
This X, is not the X, x from (5%*.3). We have from (6*.1)
n-1
(6*.5) (W' +Dw" 7+ 4D =Y X, wh =e".eaunit
k=0
n-1
We shall find the field equation of Y X, w*
k=0

The free member of it is the norm of e', and since e', is a unit with norm

=D (n=Dv , according to (6*.3), we find easily, by known methods, that
XV,O Xv,l XV,Z Xv,n—Z Xv,n—l
mX XV,O Xv,l : Xv,n—3 Xv,n—Z
va,n—Z va,n—l Xv,O Xv,n—4 Xv,n—3 =(_1)(n—l)v

v,n—1
(6*.6)
mXV’Q va’3 va’4 vee XV,O XV,]
va’l mXV’Q va’3 ...mX XV,O

It is not difficult to see that, in the case n=2m+1 (m=1,2,..), the highest
powers of the n unknowns of the discriminant (6*.6) as

n n 2~ N n—l~,-n
v.0oMXy 1, MXy 50, m X g

v,n—1

while the last unknown, X, ,.; does not have the exponent n, but a smaller one. In the
case n=2m (m=1,2,..) these n -1 powers are the same, but with alternating signs, viz.,

3,0 ,—mXSJ ,+m2X3,2 N
In the case n=2, the expanded discriminate (6*.6) had the form
2 2
X, —mY, =%l
and the case n=3, it had the form
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X +mY? +m?Z? -3mxyz=1
The first is Euler-Pell’s Equation.

7*. Identities and units.
We return to formulas (6*.4) and (6*.5), and have

n—l-k —1-= _ —
n—-1-k S '
[ }Ag)aner)Ds, k=0,l..,n-1

Xnv,k = Z

s=0 §

(7*.1)

n—1
w4+ Dw" 7+ +D" =Y X wh
k=0
We compare powers of wh (k=0,1,..,n -1) on both sides of (7*.1) and take into

consideration that w™ =m" = (D" +1)'.We have, looking for the rational part of the
right side, k=0, and the value of the right side equals X, and by (6*.4)

n-lip —1
(7%.2) XHV,O:Z[ }A(“V”)DS, v=0,]1...

s=0 §
On the left side, we have to look for the coefficients of w". Since the highest

power in the expression (W™ +Dw" 2 +...+D" )™ s n(n-1)v, we have the
expression
n—1

n—1
(n—1)y; iyi,
(7*3) Z (yl+YQ+...+Yn)WEinlyDi§iy l:X

nv

Y1:Y25¥n

n-1
Z(n—i)yi:snSn(n—l)v,

i=1
n-1

Ziyi“:n(n—l)v—sn,s:O,l ..... (n—1)v
i=1
We want to obtain in this way the rational part of (W™ +Dw"™% + ..+ D)™,
n—I
At the same time Ziyi +1 1s the sum of the exponents of the powers of yi, (i=1,..,n -
i=l
1). Since in every summand of w4+ Dw"? + ..+ D!

the sum of the exponents of Diw

(i=0,1,..,n -1) is n-1, and the highest exponent
in the expansion if n(n-1)v, we have that ni‘j(n -1y; + Eiyiﬂ =n(n—1)v, which
explains the left side of (7*.3). We further hal\jelz -
(7*.4) ni[(n —1y; +iy;l=n(n =Dy,

i=l



N-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATION FROM (BGEA) 125

sothat y; +y, +...+y, =nv
Now, taking into account that the exponent of w under the summation sign in

(7%.3) equals sn, w*" =m®, and D"=m-1, formula (7*.3) takes the form

nv m* (m_l)(nil)‘hszxnv,()
L )

n-1
(7%.5) 1 Y (n-i)y;=sn

i=1
n—1
-1 k
= Z(n K ))kA(()nV+ ); s=0L..n=-Dv;v=0l1,..;y; +y, +...+y, =nv
k=0

(7*.5) is an interesting combinatorial identity.

From (7*.1), n-1 more identities can be obtained by comparing the coefficients
of the powers w', i=1,..,n -1, on both sides of (7*.1). The identities have a somewhat
complicated from; however, they will express the coefficients of W', t=1,..,n -1, in the

expansion of (W' +Dw™ 2 + ..+ D™ )™ with w® =m=D" +1.

(n—1)v—s—1 yn—t
y ) (YI’YQ )rn(m ) D" =X,

Y (n—i)y;=sn+t<n(n-1)v
1
Ziyi+1:n(n—1)v—(sn+t)
i=l1

n—l-t 1—t
- Z (n ; )A(HV““)DJ j=01,...(n—=v—-1;t=1..,n-1

=0

We wish to explain the appearance of the factor D" under the summation sign
on the left side of (7*.6). The power of D in the expansion of
W'+ Dw2 + ..+ D™ equals
n—I
Zi}’iﬂ =n(n—1)v—(sn+1)
i=l
=n(n—1)v—sn—n+(n—t)
=n[(n—-1)v—s—1]+n—t.
Thus, the power of D equals

(D)=l p it ith D =m - 1.
The power of w is
n—1
Z(n —i)y; =sn+t=(w")’w'=m°w"
i=lI
so m’ is the coefficient of w' as desired.
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Section 5. (BGEA) and sums of some infinite series

In this section the author will use some of previous results from (BGEA), in
the theory of units in algebraic number fields.

(w-D)"
d

Starting with a unit e= from (BGEA) and powers of this unit in

Qw), w= ND" +d, deN, deZ, d|D and w"=m, we will evaluate the sums of some
infinite series.

THEOREM 1. If e:% in Q(w), w=3D" +d, DeN, deZ, d|D and

w'=m.

i So; MSy; .. MSp;  MSy; i

S11 S0.1 .. MS3;  MSjy

6D A=

Sp-21  Sp-31 - So1 M8y g

[ Sn-1,1  Sn-21 - Sy 80,1

where
m+1+(-=D"D"
801 = d

(5.2)

y n Dn—i
=(-1 n—i
=D [n—i] d
neN, deZ, DeN, d| D, n>2, m=D"+d
then
= (G+n-1YD" Y
= jn m d
- . o n j
Z((J-Fl?n i IID ):E|Ai+l
d

= Jn m

(5.3)

, (i=12,.,n)

where |A1 |is |A| with the first column replaced by the vector (1,0,..,0) and
| Ajy | is | A | with the i-th column replaced by the vector (1,0,..0).
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Proof : Suppose
e=Sg; +S Wt ts, W' sieZ
(5.4) el = tog +tp W +..+ W' eZ
1=0,1,.,n-1

We perform ee’! reducing the powers of w, knowing that w" =D" +d=m
and obtain the system of n equations:

(5.5)
I=sqto; +m(Sy gty +8p 1 tog+otsyp-tygg)
0=C(sy1tos +80,1 ty) +m(Syqy - tog +8p01 - tog +etSop-tygy)
JO=(81tor +8p1 -ty F+sgto ) +mis, g -tap+8y 01 tay+o+835 -ty qp)
0=(sp-2,1 tog +Sn-31 tyr +etsgq o) +m(s, gyt 4p)
0=(Sp-11 " tog +Sn—21 "t +t801 - thy)

Taking the t;;’s as unknowns, the determinant of the system is N , where A
is asin (5.1).

Since w" =m, Q(w) has a basis 1,w,..,w “'1, so that any algebraic number in

Q(w) has the form 6=x| + X, W +...+ xnwn_1 ,xi€Q (i=1,...,n-1). Thenamdf dis
a polynomial in the x; andN(&)=1 sowehave(-1)"'S,=m, S;=0far j=n, &=eads,
and S; are the elementary symmetric functions in Dy, D;,..,D , and
(-D"S, =(-1)"DyD,;..D,_; =d

In this case

80,1 Si1 -+ Sn-21  Sa-1
msy_1 Sop1 -+ Sn-31  Sp-21
(5.6) N(e) =
ms;; mS3; ... S S11
ms;;  mSp; .. MS; ;| So

which is the transpose of the |Al with A in (5.1).

Also, N(e)=N w = N[W—_Dﬂ and

d l d

-D100 0

0-DI 0 0 o ] ]
N(wW-D)=| .. .. o |2 EDYED D 4 (D) T m= (-1

0 00-D1

m 000-D
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and N(e)=1.
Now we apply Cramer’s rule to solve for tp; in (5.1) and
Ims,_;;..mSp; msy;

0 sgy ..mS3; mSy n
’ ’ ’ -D
(5.7) Cr =] | and =YDV
0 Sn—3,] SO,] mSn_]’l d
0 Sn—2,1 Sl,l SO,]
if expanded and compared with (5.4) gives (5.2).
o = m+(-1)"D"
0= ;
d (i=1,..,n-1)

3 n Dn—i
S. — _1 n—1i
i1 ( ) (Il —i] d

(5.7) solves for ty; in terms of the parametric forms for the (5.2)
Another way to write tg; is:

-n
el=dw-D)™" :i(l—g) and since b <1, we have
m w w
=_Z(n+_] IID)j
kn—j

. . 1 w

if (k=" <j<kn, then — =
wl m

Let regroup the terms of our infinite series in the powers of w.

+Dn-1\pin d & (in+2n—2\pintn-l
__Z . ) + _Z J 1 +
m 155 m) m {5 jn+n-—1 m?
. ii jn+n+1\pin+2 2 ii jn+n DM
T mgl n+2 )it miglin+1 | mi*!
From (5.8) we have

j
5.9 t01=— [(J+l)n IID ]
m

(5.9) gives a parametric family of infinite series and an explicit form of their sums as

) j
> ((G+Dn—-1Y D" _m
I IS

and 0<kn-j<n-1.

(5.8)
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= ((j+Dn—1 ]
or Z[(J _) I “; ] :%|Al|as (5.3) where IA,] is IAl with the first column
=0 jn D

replaced by the vector (1,0,..,0), and s o; and s;; as in (5.2).
EXAMPLE forn=4. m=w*=D*+d

= ((47+3Yp* Y
VI =2
pary 4] m d

1 mS3’1 mSZ’l mSl,l

0 So, MS3; MSy,

A=
0 Si1 MSp; MSj3
0 S21 Si1 Sol
_ 44
So. _m+(ED'DE
: d
_(4\D*
s. ==+ 2 i=1,2,3.
i1 ( ) (3] d
2 3
1 _42 6D_ _4D_
d d d
4 2
0Hl+D _42 6D_
(5.10) A|= dD3 +§1) dD
0-4— = —4=
d d . d4
O 6D_ _4D_1’1’1+D
d d d
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Solving (5.10) we get

3
M= m+D* ) 28D*m” +28D°m
a""alfl d d3

= (4j+3 ]
Let n=4,D=4, d=2 then m=D* + d =258 and Y ! - 128 Y 135794945,
=\ 4) L1129
In conclusion (5.7) and (5.9) provide us more classes of series and their sums since we
can also solve for each of the t;; (i=1,..,n -1).
For example if i=n-2 we have

dD? & ((j+n+1Y D"
(5.11) L (

2 :
m” 5 jn+2 m

—.

SO,I mSn_Ll 1 mSLl

(5.12) and t,_,; = i1 Sop -0 msy,

Sn—11 Sn—2,1 -0 Sq

where s;; and so; are as in (5.2)

oo : _ jn—1
(5.13) or Z[(”l)“ l“}w_jz[%)/x”d
m

=0 jn—i

as (5.3) where s;; and sg; are as in (5.2).

Section 6. Some infinite series and their sums from (BGEA)

In this section the author use a technique to find sums of some infinite series

(w-D)"

from units in algebraic number fields. Starting with a unit € = ——— from

(BGEA) we compute e and e* powers of this units in Q(w), W = N D" +d , DeN,
deZ, and d | D and we will evaluate the sums of some infinite series.

(w-D)"

We consider a units € = Tfrom (BGEA) and use it to evaluate the

sums of some infinite series.
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THEOREM 1.Let e =(w —D)" in Qw); w=4%D"+d, DeN, deZ,

d|D,kneN, n>2, k>1 and m = D" +d.
SO,k mSn_l’k ...mSZ’k mSl’k

S1k Sok - MS3, MSpy
(6.1) A=l .
Sh-2k Sn-3k -+ Sok MSp_pk
Sh-1,k Sn—2k - Sik 8o,k
where

1 _ _
Sox :d_k(mk +(_1)n(l;n)Dnmk 1+(_1)2n(12(E)D2nmk 2

kn( kn kn
+...+(=D (kn )

Six :de((_l)n—i(l;n_i)Dn—imk—l +(_1)2n—i(§g_i)D2n—imk—2 N
+...+(—l)k“_i(kl;n_i)])k“‘i), i=l..n-1

Then
B0 {2
©3) j:,O jn m’ ‘n_id )
Z((jﬂ%n_—li—l)Dr;_j:[%] Apli=loon—1

=l

62)

where | A | is | A | with the first column replaced by the vector (1,0,..,0); | Aiy |
is | A | with the i-th column replaced by the vector (1,0,..,0).

Proof : Suppose
k -1
(6.4) {e =Sk +S LW+t S W™, (k=12.0)

e_k = tO,k + tl,kW +...+ tn_l,kwn_l,

We perform 1=e'e*® reducing the powers of w, knowing that w"=D"+d=m and
obtain the system of n equations:
(6.5)
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I=sgy - tox +msygx Gy +Sq 0 tog +ot Sy -ty gyk)

0=(syx "tox +Sox " tix)+my_jx ~tox +Spok "tokx +eoFS2k " thogk)

JO=(52,k “tox TS1k tik TSok tak) T Mgk tax FSpok tax FeF 83k thogx)
O0=(sp_ox “tox +Sn3k "tk T FSox thooi) +M(Sy gk - thogy)

O0=s, 1k "tox +Sn——2k "tix t--F+Sok "thoik

Taking the ;' s as unknowns, the determinant of the system is| Al, where A

is asin (6.1).

Since w" = m, Q(w) has basis 1,w,..w n'l, so that any algebraic number in
Q(w) has the form 6 =X, +X,W +...+ ann_l,xieQ (i=l,..,n-1). Thenomd &

is a polynomial in the x; aNAN(&)=t1. So we have (—l)n_ISrl =m , S;=0 for j=n,
&=eondS, and S; are the elementary symmetric functions in Dg,Dy,..D , and

(-D"S, =(-1)"DyD,..D,; =d.

In this case

80,k Stk -+ Sn—2,k Sn-Lk
M8y 1k Sok -+ Sn-3k Sn-2k
(6.6) N(e*) =
I'IlSz’k ms3,k SO,k S],k

msl,k mSZ,k ...mSn_l’k SO,k

which is the transpose of the | A | with A in (6.1).

(w—D)kn w-D\|"
o =N | |

and
-D10...0 0
0 -D1.. 0 0
NW-=-D)=| ... v e oo o |=D)=D"'D" 4 (=)' m
0 0 0.-D 1
m 0 0..0 —D

and N(w-D)=N(e)=1.
Since N(w-D)=1. Then (N-D)*=1.
Now we apply Cramer' s rule to solve forgfy in (6.5) and
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Il ms;_jy..msyy ms;y

0 Sox ..Mz mMSyy
(6.7) ok =|ee oo

0 sp3k - Sok MSp_1x

0 sp2k - Stk Sok
and

_ kn k k

k= WD) :ik(wk" —( n)w“k“D+...+(—1)( n)wk"‘"D" T
d d n n
kn kn

+ _1 2n kn72nD2n +‘“+ _1 kn kn

and since w"=m.

1 k n(kn \ . 'n_ k-1 2n(kn }.2n k-2 kn{kn } kn
SOk = d—k(m - (=D ( n m + (-1 n w +..+ (D Kn
1 ( 1)n—1 kn n—-i k-1 o 1)2n—i kn i k=2 o l)kn—i kn kn—i
S:1 = | (= m - w et (=
Lk R n—i 2n —i kn —i

(6.7) solves for tyx in terms of the parametric forms for the (6.2). Another way to

d k D —nk
write toy is e X =d*(w-D) " = [—] (1 ——] and since
m w

W

<1 we have

jn+n-1

k jn k
L 3 [ dn+kn -1 b™ |4 3 [0+ (k+Dn-2 D .
(6.8) m ) =0 jn mj mk j=0 jn+n-1 mj-’-1
: k jn+2 k in+1
L d° = (in+kn+1 D’ n-2 d % {in+kn D’ n-1
mk JZO jn =+ 2 m_]+1 mk JZO jn —+ l m]"l‘l :

In particular from (6.8) we have

K oo j
S jn+kn—-1Y D"
ok~ m z(") jn m

J:

or
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K j
_(d) v(G+kn-1{D"
oS E(0 2

K oo jn—1
_(d (j+kn-i-1\D"" .
Lik —(;] Z( in—i )—,1—1,...,n—1.

=0 m’

(6.9) gives a parametric family of infinite series and an explicit form of sums is given
by (6.7) as (6.3) with sox and sk as in (6.2).
Example for n=5 and k=1, m=w"=D"*+d and d | D.

D5 !
m 2 ((5j+4

1 |A1] = .20(( Jsj )I m ] -
(6.10) =

m 375D°m  1500D'm —1500D°m
1+ +

d a2 a? d

(6.9)

2

. 12500 m - 1875D'"m? + 1250D5m]
4

1 msy; ms3; msy | ms;
0 sp; msy; ms3; msy;
Since |Al| =0 s;; Sp; mSy; msj;
0 sp1 Sy1 So; Mgy
0 s31 s21 Si1 Sod

_m+(-1)°D’ .

S0.1 1 nd
) 5 D5—i
s, =(-1)>" ,1=1,234
i1 ( ) (5_1} d
D’ 3
S01—m S21 = 10D_§S41—_5D’
d
4 D2
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2 3 4
1 —s5m2 fom2- —102.  smP
(% d d2 d 3
0 m-D —5m2 IOmD— —IOmD—
d, d d d
|A1|:0 5D— m-D —42 IOmD—
d . d d. d
0 —102- s m-b oD
d d 4, d
0 10D_ _10D_ 5D_ m-D
d d d

or

375D°m  1500D'°m —1500D°m?  1250D"°m —1875D'"m? +1250D°m"
+ +

|A1|:1+ Q2 q° q

which implies (6.10).

For numerical d,De N and d | D we will get a number for the sum in (6.10).

Section 7. (BGEA) the explicite solution of HILBERT 10-th problem

Hilbert' s dream and advice (zahlbericht) of tailoring a universal always
periodic algorithm by means of which we can solve all the open questions in algebraic
number theory of n-dimension, questions which were completely solved in quadratics
from the always periodicity of the Euclidean Algorithm (EA, is known as Hilbert' s 10
th problem. In other words Hilbert asked for the General Euclidean Algorithm and its
proof of always (unrestricted) periodicity by an equivalent n-dimensional Euler
Lagrange theorem from quadratics.

Logicians (without giving an explicit proof) proved Hilbert' s 14h problem by
logic showing that a such algorithm to be periodic always does not exist.

Asking for this universal algorithm Hilbert asked for the Euler System (ES) of
the algebraic number theory which is the (algebra) number theory of the n-
dimensional Euclidean geometry (E") exactly as (EA) is the (ES) of the algebraic
number theory in quadratics which is the (algebra) or number theory of 2-dimensional
Euclidean geometry.
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There were some attempts to prove explicitly Hilbert' s 14h problem by
polynomial representation but this leads nowhere in proving all the n-dimensional
open problems in the algebraic number theory. The answer to that is that this explicit
polynomial representation is not an algorithmic explicit representation. In all of the
previous sections of this book we proved all of the open problems in higher
dimensions showing that (BGEA) is a very powerful algorithm when it is periodic.
All o these problems in higher dimensions do not have solutions when (BGEA) fails
to be periodic and this is when d | D. (BGEA) is the evolutionary development of
Jacobi, Perron, Hasse-Bernstein and Baica algorithms. (BGEA) solved up to its
restricted periodicity all the open questions in the algebraic number theory, and this
proves that (BGEA) is the explicit form of Hilbert' s demanded algorithm.

In Hilbert' s 1@h problem, he was asking for the General Euclidean Algorithm
(GEA) which will prove from its periodicity all the open questions in n-dimensions
which were proved in quadratics from the periodicity of the (EA). In this book we
showed that (BGEA) does this when d | D. With this we proved that (EA) is the
Euler System (ES) in quadratics and (BGEA) is the Euler System (ES) in n-
dimensions for the algebraic number theory which is the number theory of the n-
dimensional Euclidean geometry (E").

Section 8. Conclusions

As it can be seen, it is not only the beginning Euclidean algorithm (EA) and
the end Baica' s general Euclidean algorithm (BGEA) it is so much else in between
than only the gap that makes them apart for more than 2000 years. It put together the
work of great mathematicians during the entire history of mathematics beginning with
Euclid and finishing with Baica.

This so much else in between is all of the genial work of these great
mathematicians before me, who historically paved the way for me to finish this final
step and give the mathematics this very powerful tool which is the General Euclidean
Algorithm. Also this so much in between helped me to produce (BGEA) the General
Euclidean Algorithm which is the Euler System (ES) in E".

All of those great mathematicians aimed to produce the General Euclidean
Algorithm and to prove its periodicity some time in their life, and with their genial
work which I put together, their dreams become a realisation and now we have
(BGEA) to be this General Euclidean Algorithm. The (BGEA) will dominate
mathematics for higher dimension fields over the years to come, exactly as (EA)
dominated mathematics for quadratic fields for so many years in the past.



