Chapter TII. THE ORIGINAL FERMAT’S LAST THEOREM
STATED IN EUCLIDEAN TERMS (EFLT) AND
THE ELLIPTICAL FERMAT’S LAST THEOREM
(ELFLT)

Section 3.0. Introduction

In [15] the author expressed her genuine concern about the proof of
Fermat’s Last Theorem in the geometry of the elliptic curve (ELFLT) which
may not be equvalent to (let alone the same as) the result in the Euclidean
Geometry where Fermat’s Last Theorem originated (EFLT) about three
hundred fifty years ago.

In 1940, E. Schmidt was the first to say that in mathematics, a problem
can be approached geometrically, algebraically or analytically and proofs can
be given in different mathematical varieties, which are defined in modern
mathematics as Mathematical Models. Also, he said that since we cannot
compute in a geometry, we have to construct an algebra for that corresponding
geometry. He is the father of the General Algebraic Geometry as C.F. Gauss is
the father of the Algebraic Number Theory, which is the algebra of the
n-dimensional Euclidean Geometry (E” G).

E. Schmidt was the doctoral father of Jurgen Schmidt who, together
with Helmut Hasse, was the doctoral father of the author at the University of
Houston, where she earned her Ph.D. in Mathematics (Algebraic Number
Theory and Universal Algebra) in 1980.

Section 3.1. The Euclidean character of the original Fermat’s
Last Theorem

In mathematics we can construct as many geometries or geometrical
models as we please. All that we need is to have the elements declared, to state

the axioms and the definitions, and to have consistency in our mathematical
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logic. All of these many geometries do not relate to each other, but they all
relate to the topology. Because of this, if you prove something in one geometry
it may NOT be the same as in another geometry. Only one geometry is the
Euclidean Geometry (EG), the other geometries are non-euclidean geometries.
For example if we consider the V-4 postulate in (EG) where two parallel line
do not intersect, they intersect at two ideal points £2 and (2" in the hyperbolic
geometry (HYG).

For the (EG) the elements are points and the straight lines, for the
geometry of eliptic curves (GEC) the elements are points and the elliptic
curves.

We have to make distinction between what is an element in a geometry
and what is a definition in a geometry.

We know that no ,Geometry of the elliptic curves” (GEC) and no
,Arithmetic of the elliptic curves known as Hecke and Langlands algebra
(HLA), which is the number theory of the (GEC), existed 350 years ago, and
we are forced to recognize the strong Euclidean Character of the original
Fermat’s Last Theorem (EFLT).

Therefore we have to follow Hasse’s advice to solve (EFLT) in the
Algebraic Number Theory which is the algebra of the n-dimensional Euclidean
Geometry (E" G).

Section 3.2. Explicit solutions for Hasse’s Diophantine
equations & +ab+b =c’.

In this section we will solve explicity the quadratic diophantine
equations of the form.

(3.2.1) dtab+b=c
Hasse [33] gave the totality of solutions of (3.2.1) in parameter form and they
are known as Hasse equations.

No explicit solutions of & +ab+b'=c", a+b>c>b>a;

a b ceN\{0} and a*-ab+b* =, b>c>a>0, a b,cecN\{0}, were
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known until the author [7] observed that these are homogeneos quadratic
diophantine equations and with a proper linear transformation, they can be
reduced to a simple diophantine equation which can be solved explicitly,

In what follows we relate the explicit solutions of (3.2.1) to triples of
rational pythagorean triangles (abbr. RPT) having equal areas.

2

A new method of solving dF+ab+b=c istoset a =y-I,

b=y+1,y e N\ {0, 1} and get Euler — Pell’s equation ¢* —3)y*=1.
2 2 1
Tosolved -ab+ b =c?, wesata=—2—(y+l},b=y— L,y22,yeN

and get a corresponding Euler-Pell’s equation. The infinite number of solutions
in Euler — Pell’s equation geves rise to an infinity of solutions to
& +ab+b*=c". From this fact the following theorems are proved.

Theorem 3.2.1.

Let ¢=d*+ab+b*a+b>c>b>a>0, then the three RPT-s
formed by (c, a), (c, b), (@ + b. c) have the same area S = abc (b + a) and there
are infinitely many such triples of RPT.

Theorem 3.2.2.

Let = -ab+¥, b>c>b>a> 0, then the three RPT-s formed
by (b, ¢), (c, a), (c, b - a) have the same area S = abc (b - a) and there are

infinitely many such triples of RPT.

3.1*. Definitions and previous results.

In one of his papers Bernstein [28] returned to the greek classical
mathematics, and investigated primitive rational Pythagorean Triangles
concerning mainly k-tuples of them having equal perimeters 2P.

In this paper we deal with rational integral right triangles having equal
areas and give the following

Definition 3.1*.1.

A rational triangle with sides a, b, ¢ which are represented by a triple

(a, b, ¢) of natural numbers will be called a Rational Pythagorean Triangle, if

and only if there exists
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(u,v),(u,v) e N?-— {(07 0)}, 1
u>v, suwh that
(leD a=u’—-v?, b=2uv, c=u’+v*
a,b,ce N-{0}=1,2,...
We abreviate Rational Pythagorean Triangle by RPT and we write RPT
(u, v) for RPT formed by (u, v). We also write S(u, v) for the area and P(, v)
for half perimeter of the RPT (u, v)

31% 2 D =RPT(u, v) : S(u, v) =—; ab=uvu® -
P(u, v) = —; (atb+e)y=u(+v)

The main question answered here is to find triples of RPT-s haning
equal areas.

The firs who asked this questior was the great Diophantus [30] and
Dikson [29] enlarged the topic.

Let D be a triangle with integral sides and C = 120° one of its angles.

Then if ¢ is the side opposite C and @, b the two adjacent sides of C, we have,

by ¢?=a*+b*-2abcos G,
[a® +ab+b? =¢?

(3.1*.3)
a+b>c>b>a; ab,ce N-{0}.

and if C = 60° we have

- & i
3.1%.4) a“—ab+b” =c
b>c>a>0; ab,ce N-{0}.

The totality of solutions to @® + a b + b* = ¢* is given by parameter form
by Hasse [33]. The new idea in this paper rests in the fact that (3.1*.3) and
(3.1*.4) are connected with the areas of the triangles. In order to find a formula
to derive explicity the infinity of RPT-s of equal area, since we cannot use
Hasse’s [33] parametric form, we will give a new method to prove that the

equations @’ +a b + b’ =¢* have infinitely many solutions and state some of





























































































