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To Professor Maura Picone on hiz 90th anniversary

RusssunTo - Si considerine i nwmeri naturali A==z, . a a4, espressi in
basé g. Oltre alla base g> 2 sianp assegnati un numero naturalg ng>1, un numeé-
ro Ay di my cifre ed un moltiplicatore positiva m. Il problema 2 quello di trovare
quel numert A rappresemtali da pia di ny cifre, che terminino con Vinsieme di cijre
Ay per § quali il multiplo secondo i maliiplicatore nt si ottiene traspartando al

_primio posto l'insieme di cifre Ay Si dimostre che condizione necessaria @ suf-
' ficiente per I'esistenza di numeri A di 1ale tipo & che risulll m<z,, ., (essendo

&1 Ja prima cifra di Ag). Sotto tale ipotesi viene data Ia costruzione di tutii
¢ numeri A di tale lipo,

Introd zelion.

 Starting-point for the quite amusing ltte -problem tréated here
was a paper by LEoN BERNSTEIN [1] about what he called mu!t:phcat:ve
twins, i. ¢., numbers hke '

-A—142837 with 5 A=714285
or -
A=102564 with 4 A=410256,

for which putting the last digit first yields a multiple. He gave a sy- -
stematic determination of all such numbers and developed an algonthm
for finding their digis. . .

Recently the first -author of the presént paper generalized Bern-
stein’s results to sets’ of several last digits instead of a single oge.
When she submitted her paper to Crelles Journal with a dedication 0
its editor, the second author, on the occasion of his 75 th birthday, he
found that the miain results and their proofs remained valid for any
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basis g=2 instead of only the common besis g=10 of our number sy-

stem. So he proposed a joint publication instead of that dedication.

§ 1. The general problem, -
Consider positive rational integers

A—ap a2 0<a <gfory="01..,2—1)

‘expressed in the g-adic digit system; for brevity they will be simply

called numbers. Besides of the basis g=2, let be. given a digit-number
=1, a number Ay of at most ng dlglts and a positive ratlonal integer

m=1 as multiplicaror.

The problem is to find those numbers 4 of more thea no digits
with last digit-set 4, {brough up to exactly no digits by digits 0 in front)
whose m-fold is obtained by putting the digit-set Ao first:

(la) A=4A,9™+ 4, with 4,< g™ and gnt=<d < g™

(A, has exactly m; digits),
and the .

(115) mA = Agn+ 4,.

§ 2. \Iecaﬁmy conditlon.

THEOREM 1. Necessary for the ex:srence of numbers A satisfying
(18), {1b) is the inequality . . -

2 m=a.. (first digit of Ao), hence certainly m<g.

Proor. According to (1a), the request (1b) means the equation

@ Agg™ - 4y -—m(&.f;"“'-i-ﬁu)

By the inequalities for 4, in (IE), this equation yields on the one hand
the inequality 4, g™ 4 A4,.>> nt gt"~1 and on the other hand the
inequality A, g™ + A, < (A -+ 1) g™, hence taken together, after
cancelling the factor g"l; the inequality : .

(4) mgrl < Ay + 1, or else mge—i=s A,.

Interpreted g-eidicall}f, this means the assertion of Theorem 1.

1
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RemARK 1. As a consequence, the last digit-set A¢ must have ex-
at?tly ny digits, so that in (1a) there are no digits 0 to insert it front of
AUI -

REMARK 2. Oue confirms immediately, that with an n-digit number
A also each pumber A" of the form .

(5) AN =Agr-n b L dn+ A (r=1,2..) -

satisfies the requests (1). Hence it suffices to determine the numbers A
with a minimal digit-number n=r+n:

§ 3. Sufflciency of the necessary condition.

THEOREM 2. Leaving out of regard the trivial case of the multipli-
cator m=1, ‘the necessary condition (2) is also sufficient for the ex-
Istenice of numbers A satisfying the reguests (1).

Mare exactly, to a given ro-digit number Ao as last digit-set and a
mu!t:pl:cator m with 1<m=a.— there is exactly one minimal solu-
tion A of (1), with the chain a),‘ coordinated solutions (5) arising from
it by periodical repetition. . '

The unigue minimal solution A has the d;g:t—number

¥

o —1
. n = ord. g mad. g

(A5, mgme — 1) °

* ProOOF. Ag is clear from (J). the request- (1b} may be expressed in
the following form : :

(6) ' (g-—m},io={m_gw;1)a,'.v

Herz my and As mre given, my and 4 tq- be found. For ry alone’ this
means the request (g™ — m) A.-,. == O.mod. (mg™ — 1), or else '

mga — 1 -
e 0 mod —_——
g (dy, mg=—1) °

Since g is coprime to that congmence module, this is equwalent to the
. followu:g request-

m‘(.,!"ﬂ —1

— — ‘a . f
(4, mg™> —1) for n ==, + n, instead of ny,

g™ =t mg™ mod.
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which in turn reduces to

- . - g — 1

?l) ‘ g° = 1 mod. (——% g — 1)

* This request is satisfied m.lmmally by the order » given in the assertlou
of Theorem 2,

For satisfying the basic request (1), this helps only when that or-
der satifies n>>ny. The latter is indeed true under the restriction m>1,

- made in Theorem 2, as will be confirmed by the following indirect
argumentation,

For brevity let (Ao, mg"—1)=t denote the above greatest com-
mon divisor and {mg" —1)/t=M the ahove congruence module. Sup-
- pose n<n, hence m=n+v with v=0. Then, besides the above con-
-gruence (7), viz., g*= 1 mod. M, there would hold trivially alse
mg**=1 mod. M. One would have then mg'=1 mod. M, and since
m>1, surely m>M. But this leadsto a contradiction, because by defini-
tion

t| 4, and Ay < y™, heoce ¢ < g™,

~and therefore In truth
M= (mg"" — 1}t > {)izg"o —~- 1)/g" > m — 1/g"*, hence M = m.

- 1t being thus confirmed that for m>1 the order n, defined in Theo-
. rem 2, satisfies n>r, and hence by n=m+n, determines a possible
dxgxl:-number nj, the thread of the proof” of Theorem 2, mterrupted.
after (7), can be taken up again.

According to (6), the inidal digit-sét A, Is umquely determined as -

(8 A=A lgm — mfmg —1)= - Ay (g — m) ’(my"" —1).
This number At has indeed exactly n, digits, as is shown by the follo-
wing estimates.

On the one hand, according to the necessary solvabn.hty condmon
in the two forms (4) and (2}, respectively: ‘

A, > A, lg= — m)fmgre = (gn — m)fg > (g — g)fg =gt — 1,

hence Apz=gnl,

- On the other ha.nd the resmctmn m>1 u:nphes tr:g""-——l‘;-gTD and

hence _
. _.A‘ < Aq (g™ —m)/g"? L gm—m < gm.
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The requested complete onumber A is then unmiquely determined-

as
{9 A =4, g™+ g =4y {y" — Dj{mg™ — L}

It has obviously exacdy » digits. Its form (9) shows that passing to the

- multiples rz of the order n comes back to multiplying by the facto_'i's

(g™ —Dfig* =N =g+ .. £ 1

or else, the periodic structuré (5) of the non-minimal solutions.
This_finishes the prooi of Theorem 2.

§ 3 Examples.

The necessary solvability condmon {2) shows that, apart from
the trivial case m=1, the basis g=2 is out of the question.’

It may suffice hers to give some examples for the accordingly
sipallest possible basig g==3. By condition (2), here only m=2 is pos-
sible, and given the pumber )

Mg == 1 . NP
img =2 of the last digit-set Aq,
-—-'2

only with A = 21 or 22)

(triadicaily).

According to (7), the uniquely determined solut:ibus A for these three

cases have the digit-aumbers _

' 2.31—1

{4y, 23— 1)
2.32 — 1 !

(Ag,2-32—1}]

n = _ord. 3 mod.

hcnce.(the numerators being prime numbers, the ‘dendminators being 1)

5) . 4] -
» = ord. 3 mod. i”!’, 1. e, n-=iml.

For the first digit-sets A this furnishes the digit-numbers

"= ,1?;} :

-
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" The cuordmated tninimal solutions, to be comstructed according to for-
‘ mulae (8), (9, are then found by easy calculauon to be '

1012

A= . - (triadically).

1020 1001 1202 |£2l. moz DIDU 1120 2["2 Teap.ly
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