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GENERAL EUCLIDEAN ALGORITHM (BGEA)
AND SUMS OF SOME INFINITE SERIES

Malvina BAICA

ABSTRACT. In this paper the author will use some previous results from
her (ACF) Algorithm , now named Baica’s General Fuclidean Algorithm
(BGEA) , in the theory of units in algebraic number fields . Starting with 2 unit

_w-D)"

e fom (BGEA) and e’ power of this unit in Q(w) ,

w=%ﬂ +d, DeN , deZ and d|D , we will evaluale the sums of some
infinite series . In one of her other papers [2], the author used a similar method

- to find new combinatorial identities .

Key words and Phrases: Abbreviation:
BAICA'S ALGORITHM IN A COMPLEX FIELD (ACF)
JACOBI - PERRON ALGORITHM (JPA)
(ACF) ALSO NAMED BAICA’S GENERALIZED

EUCLIDEAN ALGORITHM ' (BGEA)

LIntroduction. The (ACF) [1] algorithm is an extension of the (JPA)
over the complex numbers , and it is a very powerfull algorithm when it is
periodic . The Euclidean Algorithm is a particular case of the (ACF) , now
nemed the (BGEA) . Because of the periodicity of the Euclidean Algorithm ,
many difficult problems still open in higher fields are solved in the quadratic
fields .

'In this paper we will use some previous results from the (BGEA) in the
theory of units in algebraic number fields [1] .
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(w-Dy"

Starting with 2 unit e == 7 from (BGEA) and powers of this unit in Q(w),

=¥D"+d, DeN , deZ, diD and w" =m, wewi]levaluateﬂlcm.uns
of some infinite series . In one of my previous pape:rs (2] I used a similar
method to find new combinatorial identities .

2.The statement of the proi:lem

_ w-D)" , -
Theorem  If e="—— in Qw), w=VD"+d, DeN , deZ, d|D

and wﬂl =7 .
So1  MSp_Ly - msyp ms)y
Sl Sp1 v oms3)  msy)
(1.1) 4=
Sn=21  Sm-30 v S0} MSp-ll
Sm—Lt  Sp-21 v S, S0y
where '
m+(-1)" D"
=T g

(12) AN
Sil = (—Unhl (nii] Dd

neN ,deZ ,DeN ,dlD, n>2 , m=D"+d

then
@ i+ -0 p7 Y
(13) Eo( n J_”’_ s
- = (J+1)n i-1\ p” J
Z( )[;‘J =§|Ai+l'
/=1 '
f=12,..,m



where |A1! is |4] with the first coluron replaced by the vector (1,9,...,0) and

|A,-...1| is |4l with the i-th column replaced by the vector {1,0,...,0) .

Proof

Suppose

e=50] +s]’lw-l-----t-.s,,,_Llw""l s sjel

(1.4) 8_1 =g} Hl,l“"*""'”n—l,l“'n_l el
i=0l..,n-1

We perform ee! reducing the powers of w , knowing that w'=D"+d=m
and obtain the system of nequations

(1.5)

1=5p]-fo1 +m(Sp—1]f1] +Sp-2,} ‘1217451 In—1,1)

0=(s1-f0,1 +50,) - f3,1) +M{Sn—L1"fo,1 *5n-2,] 13|+ 4521 " {n-11)

0=(s21 70,1 +5L1°f1,1 + 50,1 12,1} +m(Sp-11 13,1 5n-2) 2414453 tn-1))
0 =($p-2,1 10,0 +Sn—3,1*TL1+-+501 In-2,1)* m{Sp—11"n-11)

10 ={(Sn-11"10,1 +Sn-2,1 11 1+-+50 “Ip-1,1)

Teking the r;;’s as unkmows , the determinant of the system is |4} ,

where A isasin (1.1}.

Since w”=m , O(w} has a basis Lw,.,w""! , so that any

algebraic number in  Q(w) has the fomn o=xl+x23v+._.+x,,w"'1,

x; €0 (i =1,..,n—1) . The normo of o is a polynomial inthe x; and N{(c) =zl
so we have (—1)"_18,,=m , 8;=0for j=n,c=¢ and S, and S; are the
elementary symmesric functions in Dg, Dy ..., Dn and

(-1)" Sy = (D" DoDy-- D1 =4 .
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In this case

So,;
L
(1.6) Ne)=| -
- Im?.zl
| msy
| which is the_transpo
!
Also, N(e)-
i
' -D 1
' 0 —j
N(W — D) = -
0 0
; m 0
and N(e)=1.

Now we apply

I 1 ms,._,__]
’ 0 s,
’ T
(]-7) fg| ==
10 $n3
IO Sn-2

compared with (1.

m+ (-7
50,1='-———-( D"L



r (1,0,...,0) and In this case

50,1 Sl ot Sp=2)1 Sp-ll
-0} n—L1 S0, *° Sp=31 Sn-2,1
' (1.6) N(e)=

< msay Fdsz) e spl 51,1

ms|) msy} vt mSp_yl S0l

which is the transpose of the |4 with 4 ia (1.1).

_ n . r?

W=D +d=m Also, N(e}=N|:(w dD) }=[N(“ dD)] and

-D 1 ¢ .- 0 0

0 -D 1 0o o |

N(W—D): . cee eer aas s aa- :(_D}(_I)H—IDH—I+(_1)ﬂ-'lm=(_l)ﬂ—ld

n=1,1) 0 0 0 - -D 1
p+AS3Y fp-11) m 0 0 - 0 -
) and N(e)=1.

. Now we apply Cramer’s rule to solve for g1 in (1.5) and
the system 1S 14,

b omsp_1) - msy) msp)
0  soq -+ ms3) msy) n
so that any AN gy =f—~ = e -+ land ez% if expanded and
el 0 sp-31 = So0 MSpo)
| Fxgwh. I L N R B 50,3

=+
¢ x end N({o)=+ compared with (1.4) gives (1.2)

S, and Sy are the ; m+{-1)" D"
01= —
v d .
{ n Dn_j (l=1,...,n'l)
5ip = (—1)"_'( J
' n—i}) d
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(1.7) solves for 19 in terms of the parameitric forms for the {1.2).

Another way 10 write fp is

-y 4 =n . D
'l=d(w-D) "=;(l-—{)-) and since i;lcl , we have

W

A5l

. - .
. 1 =i
If (k—1)" <j<kn ,then —;=“—x and 0<im—jsn-1.
w m

Let regroup the terms of our infinite series in the powers of w .

4 d [U +Tjm - 1] pin g & [jn+2n—2] pin+n=1
e ; + = Z , —_— |+
n+n=1} i+l

m jn mJ m j=0

(1.8)

From (1.8) -we have

i J
e

Jj=0

(1.8) gives a parametric family of infinite series and an efplicit form of their

sSums as

e (_j-z-l)n-l) b0l j_m
Z( n {';] -glAll

J=0

2 (G- m) m
or Z[(J ,)n IJ(E;;-] =E-|A1| as (1.3)

j=o~
where |A1| is ]4] with the first column replaced by the vector (1,0,...,
so; end s asin (1.2).
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d% jn+n+1\DJ"+2 2 d;',(jnﬂl)pfn"‘l 1
m -0 J""‘z)'m-’” v m g Jn] )

0), and

e SUTTPEN

(1.10)

m.93’] = (.
msz'l = (.
m.S‘]‘l = (_

m
mS‘DI] =—



we have

-j=n-1.

isof w.

jn+a—-1
—_—w+
m;+1

+")Djn+1 w"‘! -

explicit form of their

veotor (1,0,....0), ag:ld

e

Example for n~4. m=w4=D4|+d

@ (;1.j+3)[£f m
= M

1 ms3) M52 AESL]
0 sp) ms3) msy)

Al =
| 1[ 0 Sl,] WO,J m3,1
0 w21 si1 Sl
m+(-1)* D4
e
(ot
Sl',l=(—]_)4 J[E)T 1=1,2'3.
1 42 GD—Z 4D_3
d d d
0 m+ D% 42 s-li
d a d
110y |4y|= .
(1.10) 4| D s D ¥
-4 : =
0 622— D m+p?
d d d
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Solving (1.10) we get

,I m m+D4] 28D m? +28D%m
+
':d . v d3

Let n=4,D=4,d=2 then m=D*+d=258 .and

2 ((4)+3\( 128}/
2. (( ’ )(—) =135794945 .
=0 129

In conclusion (1.7) and (1.9) provide us with more classes of _

series and their sums since we can also solve for each of the 4, (i =1,...,»

For example if i=»n~2 wehave

dn? 2 (¢ m)’
G+Dn+1 D
(1.11) tp-2)1 =—2 > ( Jn+2 )[?J

j=0

and
so) mSp-pl cr 1omsy)
(1.12) ty—3,1 = 51” e 0 o
Sa-11  Sp-21 - O sop

(1.13)
where s5;) and sp) are asin (1.2)

D T —i—1 Djn-l
or z{(.H.)n i ]T=(§)|AH1|

j=or

as (1.3)where 5;1 and sp; are asin (1.2).
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