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Two new corbinatonial identities are derived from explicily stated units in algebraic number
fields of degree n=3. Let e=w=D be a unit in a cubic Geld where w?=D*+1, DgN and
n=0,1,.... Then z =12 ,—t .» and t,=22_,—z, ,2, are two combinatorial identities
where t,,; and z, ., are obtained from some recursion formulas. Both have the same structure.

Introduction

One could be surprised why such a mathematical field as combinatorics should
be coupled with the units in algebraic number fields. The connection between
these two, seemingly entirely different domains of mathematics, rests upon the
fact that in two papers [2, 3] Bemstein invented a method from which com-
binatorial identities can be derived from explicitly stated units in algebraic
number fields of any degree n=2. It is not really necessary to make use of the
theory of units to produce such results since Carlitz [5, 6, 7], who is the master of
titese results, obtained BRernstein’s combinatorial identities and many other more
difficnlt ones using the clagsical method. This method is interesting since, some- .
times Bernstein's method is capable of producing some results with simpler
computations. The difference between the combinatorial identities established by
Bernstein [4] and those generated in this paper rests, of course, with the choice of
units. ’

We choose our units from the set of units given by

_{w—DY}
wa_D: ?

The author derived these units from the periodicity of ACF developed in [1].

1<ssnw'=D"+d,d|D,DeN,deZ, s|n.

* Professor Jiirgen Schmidt was the author’s Ph.D. Advisor at the University of Houston.
0012-365X/85/53.30 © 1985, Elsevier Science Publishers B.V. {North-Holland})
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1. Statement of the problem

Theorem 1. Let e = w— D be a unit in a cubic field where w?=D*+1, DeN, and
n=0,1,.... Then

= 1oy~ tates and L= Zh 1~ Zn—2Zx
are two combinatorial identities where t,.o and z,., are as follows:

O B e

Zatagtgm=l 1 X2, X3
3x;+2xy+Ty=n

and ‘
Za= ) ( i )3"=+’=D“=*2“=.

yyryz+yy=I YI! 3’2» y3
3y;+2yatys=n

2. Positive powers of

Tn this secrion we shall calculate positive powers of e=w—D, taking in

consideration that w?*=D?+1:
e?=1=1+0-w+0-w?%
e =w—D=—D+1-w+0-w?
e2=(w—DP=D?-2Dw+1-w?
e?=(w—D)*=1+3D*w~3Dw?,
et=(w—D)*=(—3D*-4D)—(3D* - 1}w+6D*w? "
e5=(w—D)*=9D°+10D%- 5Dw—(9D* - 1)w?>, '

We now denote

er=(w—D)=r+sw+tLw? n=0,1,...,% 5. L. (2.1

From our previous calculations we have

r@= 1, 5a=0, 1,=0,
n=D, 5;=1, =0,
r,=D?, | s,=-2D, =1, 22
ra=1, s3=3D%, t=—3D,
r.=—3D*-4D, s5,=-3D%+1, 1,=6D%
re=9D%+10D? ss=-5D, t,=—9D3+1.
We denote

wi=D+1=m (2.3)
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and multiply both sides of (2.1} by e=w—D, we obtain

e"H=r (w—D)+s,(w>—Dw)+1,(w?—Dw?)
=mt, - Dr, +(r, — Ds,}w + (s, — Dt,) w?.
From (2.1) and (2.4) we have
ey = mit, — Dy, -
S =F,—Ds,,
1= S — Dty
From (2.5c) we obtain -
$q = tarr + Dby,
From (2.5b) and {2.6) we obtain
Fo = tasz+ 2Dt + D1,
From (2.5a) and (2.7) we obtain
tusa+ 2Dt 12+ D2y = ity — Dtz + 2Db4q + D%t

=(D?+1)t, - Dt,;,—2D%,.,,— D%,

trts = b= 3D%, 1 — 3Dt 0. .

Substituting the values of s, r, from (2.6}, {2.7) in (2.1}
" = by + 2Dt + D2t + (o + D)w + w?,
Liya=5h— 3thn+1_3Dtn+2-

135

(2.4)

(2.52)
(2.5b)
{2.5¢)

(2.6)

2.1

(2.8)

2.9

(2.9) expresses e™ by one parameter t, recursively given and w. For fo=1,, =1

as in {2.2) we calculate ¢, by using Euler's generating function:

Z tu" = fgUp+ b+ tou*+ Z tu"

n=( nm=3

=u*+ Z tayatt™"?

n=0

=u?+u’ Z (t, —3D%, 41— 3Dt Ju”

n=0_

=u+u? Z tu™—3D%2 ¥, t.,.,u"=3Du Y .:,qu’”'z

n=0 n=0 n=0

=u?+u? ) gu“—BDzuz[ )y t,,u")—ruu“]
-0

n=D

—3Du[ Y t,,u")—tou°—:1u],
=0
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and since tp=1, =0,

Y tu"=ul+u?® ¥ tu"—3D%% ¥ tu"-3Du ), ru"

n=0 n=0 n= n=0

(1-u*+3D%u%+3Du) ), tu"=u?

n=D
) uz
uz-:o il 1—(u*-3D?*u?—3Du)’
o i | u?
+ =
U™t huT 4 R WP —3D%*—3Du)’
[ uz
n+2 _
-,.z.:u sz 1—(u?>-3D%u%-3Du)’
- 1
"= . 2.
..Eu S = 3D%u>— 3Du) (2.10)
We choose u sufficiently small such that
ju*-3D%*u?—3Du|<1. ) (2.11)

It suffices to choose |u|<1/9D
|- 3D2%u? - 3Du|=<u’+3D%|u?+ 3D |u|
1 3D 3D 1 1 1
et o]
729D* 81D® 9D 3D 3D 3
"Since D> 1 we expressed the right-hand side of (2.10) as an infinite, absolutely
convergent series and obtain: -

2 tug™ = 3, (u*—3D%u?—3Du). (2.12)
nm=0 jmD
We find ¢, ., (n=1,2,...) from (2.12) by comparison of coefficients. Now, we
are looking for the coefficients of u" in the expansion. on the right-hand side.
Here the exponent j varies from 0 to . Since the polynomial which is being
raised to the power j has the highest power u?, the exponent j, in order to obtain
" u™ cannot be smaller than [3n] and since this polynomial has the smallest power z,
the exponent j cannot be larger than n. Thus in order to obtain all powers of u™ in
the expansion of the right-hand side of (2.12) we have to investigate the sum

Y («*-3D%u?-3Du). - 2.13)

1~={nf3]

We expand the polynomial in (2.13) by the multinomial formula and obtain

(u*—3D%*u>—3Du) = . (z J;x)(u’)‘:(—BDzuz)ﬁ(—3Du)’=
2 xqtxy =i | B} 3
(2.14)



Combinatorial idencities and units in algebraic number fizlds 137

or

(u3__ 3D2u2_ BDH)I = E (: i ) (_ 1)x’+x’3:=+=‘Dh’+x’u3=|_zﬁ+ﬁ. .

xy+xgtzy=l Y1y X2y X3

(2.15)
Now we are looking for elements u" and we have to set
Ax; +2x+xy=n (2.16)
From the two conditions
X bxtx;=1, 3x,+ 2%,k x3=n, - (217

and the bounds of i, we finally have

2= L ) (—1)’%"’%(x ;zxa)?f"leH*ﬁ. (2.18)
i 13 y

tm[nf3] xytxgtxy=i
3x4+2xa4xymn
(2.18) is the formula which states £, in an explicit form.
The bounds of i are already given by the two restrictions (2.17), so that formula
(2.18) can also be written as

fes2= 2. (—1)”="°'=(K1 ::2 x)%“aplﬁ*'*:. ' (2.19)

% +xgtxywl
3x;+2eytxy=n

3. Negative powers of e-

This section is devoted to-the calculation of the negative powers of e. Since this
problem is essentally the same as the finding of the positive powers in the
previous section, we shall carry out many operations without giving again the
necessary explanations. We shall set out with calculating a few inital values of
e, with e=w—D, w?=D?+1, we have w?—D?*=1, (w—D)(w>*+Dw+D?3=
1.

1 )
e '=(w—D) '=———=D%+ Dw+w? (3.1)
w—D
g2 =(D?+Dw+w?)?=3D*+2D + (3D + 1)w+3D%w2
Denoting : :
e =x, +ty.w+zw? n=0,1,..., %, ¥ Z €Z, for n>>0, (3.2)
- we have for the initial values _
=1, Yo=0, Z2a=0,
n=D? v1=D, z,=1, (3.3)

x,=3D*+2D, y,=3D%+1, z,=3D2
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From (3.2) we obtain, multiplying both sides by e~ =D?+Dw+w?,
e™ = D% +(D?+ 1)y, + DD+ 1)z,
+[Dx, + D%y, +(D?+ 1)z, Jw + (x, + Dy, + D*z, w2
Hence by definition
' Y41 = D?x, +(D?+ 1)y, + D(D*+ 1)z,
Yn+1=Dx, + D%y, +(D*+ 1)z,
Zne1=X, + Dy, + D%z,

(3.4a)
(3.4b)
(3.4c)

From (3.4) we obtain, making the operations (3.4a)—D(3.4b), (3.4b)—D(3.4c),

. X1~ DYng1 = Y, Yor1— Dz =2z,
From (3.5)
Xns1 = Yo+ D¥nias Xn = Yn—1+ Dy,
Ynr1=2Zn+DzZpys, X =2, 542Dz, + D%z,
From (3.4c) we obtain the recursion formula

Zp41 = Zy—p+ 3Dz, _,+3D%z,
or
Zo43= 2y 3Dz, 1 +3D%z, ,,,

e "=z ,+2Dz, + D%z, +(z,.,+ Dz, )w+z,w>

(3.5)

(3.6)

(3.7
(3.8)

With the recursion formula (3.7) we can calculate z, explicitly by Euler's

generating function, viz.

o) o
Y Zu" = zo+ziu+ 2out Y zum

n=0 n=3

(3.9)

Substituting in (3.9) the first three initial values of z, from the table (3.3) we

obtain

2, zu"=u+3D%+ ¥ z,,um?

n=p n=0

=u+3D%u+u® 3 (2,43Dz,,,+3D%z, Ju"

n=0

=u+3D%?+u? ) zu”+3Du? ¥, Zne "+ 3D%0 )z, umt?

n=0 naf n=0

=0

=u+3D% +u® ) zu" +3Du2[ ) z,,u") - zuu"]
_ ~0

+ BDzu[ 3 z,.u") —zgu?— zlu]
=0

=u+3D%*+u® 3, zu"+3Du? ), z,u"+3D% Y zu"~3D%?

L] n=0 n=0

=u+u® ), zu"+3Du? Y zu"+3D% i zZ,u"

n=0 n=0 n=Q
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Thus

[1—(u+3Du?+3D%%)] ) zu"=1y

n=D

Eo B P+ 3D+ 3D%m)

zﬂuu+ Z zn+1u“+l= 3 2 2 2 y
w=o 1—{u+3Du?+3D%)
L 1 -
"= , 3.10
L, m 1-(«*+3Du>+3D%) (.10

Choqsiﬁg u<1/9D* we have |u’+3Du®*+3D?u|<1 so that from (3.10} we
obtain

Y Zpeu"= 2, (uP+3Du%+3D%u) (3.11)

n=Q 1=0
Using the multinomial formula we obtain
(u*+3Du?+3D%) = 3 ( : )ua"l(SDuz)"=(3Dzu)"=,
yityatys=i Y1z ¥2, Va3 .

t )By:-l-y:D y2+2y,u3¥ .+2y=+y:'

(WP +3Du+3D%) = ) (

Vit+yytyy=i }'11 ¥2, ¥a

To find the coefficient of &" in the expansion on the right side of (3.11) we obtain

In = ) ( : )3’=+”’D"=+2"‘. (3.12)
yi+yarvaml ¥ Y2 Y3 w
3Ay+2yy+yy=n -

The values of i in (3.12) are determined by two diophantine equations

)’1_+)’2+}'3=f: 3y1+2y,Fy3=mn,
n=0, ¥y,Y2,¥:20; MHnl=i<n (3.13)

4, New combinatorial identities

We have
e"e™" =(r, + 5w+ Lwi(x, +y.wH+z,w3) =1 (4.1)

Multiplying on the right-hand side of (4.1) and substituting w>=D?+1=m,
w* = mw, we obtain

1=1,%, F LYW + 5Z W2+ M5, Z, + 5. X, W+ 5, Y W2+ MY, + b,z w + 1,x, W
(4.2)
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Fiom (4.2) we obtain, by comparison of coefficients of equal powers of w (and
because w is a third degree algebraic irrational)
L, Fmby, tms,z, =1,
8o X + 1Yo Tz, =0, (4.3)
tox,+ Sy, +rz,=0.

In (4.3) we consider X, V. Z. as indeterminates, and r,, :s,,, t, as coefficiential
factors and

. mi, ms,
A=is, r. mt]. (4.4)
rh sl'l rn
The determinant (4.4) is the norm of e”. 'We have
e" =, + 5w+ tw?,
e"w = mt, +r,w+s.w?, . (4.5}
e"w?=ms, + mLw+r,w>.
From (4.5) we obtain
Tn L W mt, ms, .
N(e™y=|{mr, rn, S|=ls. rm mi|=4 (4.6)

ms, mL I L S I,
‘We shall now calculate N{e™). )
 NE)=[NET, | (4.7
N(e)=N(w—D)=N[-(D~w)]=(-1)’N(D-w)=-N(D-w). (4.8)
D*+1=w?, D*-—-w?=-1 .
(D—w}D—pw)(D—p?*w)=-1, p=e""?,

We thus obtain N{e)=—-N{D-w)=-1(-1)=1.
N({e}=N(e"}=1=A4. {4.10)

From (4.3), by Cramer’s rule and A =1 we have

{4.9)

| Za =Sl (4.11)
Substituting in.(4.11) the values for s, and r, from (2.9) we obtain
22 = (a1 + D)= {42+ 2D610 + DP0)E,

or .
Zn=thaa" b B=0,1,.... (4.12)

Substituting in (4.12) the values of z, from (3.12) and ¢, from (2.19), we obtain
the first of the wanted comb_inatoria.l identities.
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We return to the system of equations (4.3) and rearrange it, considering r,, s 1,
as indeterminates where the determinant of the eguations this Hme equals

X, mMI, my,

A4;= ¥ Xn mZy. (4.13)
Zn Y Xy

As before A;=N(e™) = (N(e))"*=1"1=1. In a similar way we obtain

b= Yo~ XnZn: (4.14)
Substituting in (4.14) the values of x,, v, from (3.8} we obtain

tn=(Zae1 ¥ D2, — 2, (2,2 +2Dz, , + D?z,).
or '

1= Zho1— Zn2Zn (4.15)

(4.15) supplies a second combinatorial identity. Both have the same structure.
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