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ABSTRACT. In this paper the author obtaina new trigonometric
-1-k -
identities of the form ML&D—zl ] I (1-cos gn:_k P- = Pp 2

which are derived as a result of relations in a cyclotomic field
?Z(P), vwhere £ is the field of rationals and p is a root of unity.

Those identities hold for every positive integer p 2 3 and any
proof avoiding cyclotomic fields could be very difficult, if not
insoluble. Two formulas

B
g (-1)%(2) tanP1-2y _ o and

p-1-2k
“1e 2R D Za) (D) cesP g - 0

stated only by Gauss in a slightly different form without a proof, are
obtained and used in this peper in order to give some numeric appli-
cations of our new {rigonometric identities.
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0. INTRODUCTION

The trigonometric identities which are being obtained in this
paper are a result of relations in a cyclotemic field R(p), where
R 1= the field of rationals and P is & root of uvnity. The reader
will be familiar with the primitive p—th roots of unity which are the
p-1 'different roots cof the irreducible polynomial

xP'_1+xp'2+---+x+l=0, P a prime > 2 (0.1)
which we shall denote by f. As is well known
P = cosg+ Lsing, ¢'=‘2’%k, k=1,2,..:,k1 (0.2)
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Since the p-1 entities F, ?2,...,Pp'l form all the different rocts of
{0.1) we shall choose

? =cosgd+ ising, g = %s (k=1). (0.3)
The cyclotomic fields have been substantially investigated and the
author will make use of some comments. Yet there are still many open
problems in this domein. The full group of fundamental units has not
yet been revealed and this remains cne of the most interesting
problems. '

1. IDENTITIES

The following important formula has been proved by Pollard [3]
and many other authors and gives the discriminent D(?) of the field
?{(?) in the following expliclt form

2n 2%

- 1_pdy2 o_ Zn 2%
_D(?) = 15;252;_1 (? P ¥, f=cos T-+isin =
D(p) = (1) 2 P2, g, poprime> 2, p oA
We shall first investigate
T IT (ptopd); 22 . nep) (1.2)
14i<3gp-2 _

We obtain from (1.2)
(p - p2)p - 2)p ~ 9 v (p- P
(?2 - ?3)(?2 _ Fh) . (?2 _ ?p—l)
(§7 - g%y --- (p% - P71
: (?p—z - Pp—l)
- ?9-2 ?2(p—3) 93(9-4),,,?(p—z)(l_P)p—z(l_FZ}p—E(l_?B)p—h_,.(1_?9—2)

T

-2 -2 -2
(p—l—k)k(l_?k}p—k—1= (p-1-k)k (1_?k)p—k—l
. =1

a2} kel S

We shall calculate

-2
Eﬁg plo-i-kli _ gl (oL

k=1

(1.3)

We have

-2 -2 -2 -2
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= 212:1)£2:§l _ (2p-3)(n£1)(p-2) - !2—1252-21

_ B{p-1)(p-2} _ ( (2p-3+3)(p—1)(p—2))
2 [

- p{o-1)(p-2) _ p(p-1}(p-2) _ p{p-1)(p-2)
2 3 - [3)

-2 -1 ){p-2
H ?(P‘l"k)k = p (1.4)
Now

21

- 2 . 2n 2% 2\ D
?-cosp-z-lsinp =)

;?p=(cos3-+isz.n

=05 2% + 1 sin 20 = 1

p{p-1)(p-2) (p-1)(p-2)
P ()

We shall presume here p > 3 and shall return to this case later. (In
the case p = 2, the primitive unity roots are + 1.) We then have
3 ¥ p, hence (p-1)(p~2) = 0(6) so that either p-1 = 0(6) or
p-2 = 0(3) and p-1 £ 0(3).
Of course, since p is odd, p-1 = 0(2). So in any case
6] (p-1){p~2), and since FP =

pl{p-1)(p-2) {p-1)(p-2) {p~1)(p-2)
P -6 (?p) 6 =1 6 =1, and from (1.#4)
p=-2 .
T pomiin s, a.5)
We thus remain with
p-2
; ;l:[l' (1-5=k)1’""'1 (1.6)
From {1.6) we obtain, since
?k_coséﬂ-ﬁ-l-i m% ﬁ=¢,% kg

and from (1.6)

-2 :
= %_r [1 - (cos kg+1 sin kﬁf)]P-l-k
k=1
p-2

= H [(1T - cos kg) -1 sin kﬁf]P_l_k

_2
= at (2 sin® % —iZsinL—r'g cos %)P-l-k
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'd

=-rl_(2is.1.n—g) (cos-g-r-isin%)P-l-k

k=1

-2 -
o2 TT (ayprick |

34

x5 kg \D-1-k
[T (2s1n k)
k=1

(r.7)

'd
1 1]
[

(cos Eg +1sin % )p-l—k

=
1}
]

We further have
-2 {p-2)(p-1)
(--l)p_k_:L = (-1) , and since p is odd (-1)P2 5 1,

k=1
hence
p-2 p-1
AT el oy & (1.8)
k=1
p-2 (p-1)(p-2) : . -
H Pk _ g 2 ) (1.9)

p-2 1 kg P-l-k
ElT (cos +1 5in —g) -l-k (e—z-é

-2 i in p(p-l)(p—2) in (p-1)(p~2)
= E’T e%(P_l—k)k = eP 3 6

=g '
k=1
(p-1}{p-2)
p-1-k
.kn]_. {cos —£+1 sm—g) = (~1) 8 ) {1.120)

(p-1){p-2) = 0(6).
with (1.8), (1.9}, (1.10), (2.7) takes the form

é (-1) é -|T(2 s:l.n-éé) . (2.11)

But from (1.2) D(p) = T2, so with (p-1)(p-2) = 0(6)

T(l)

-2)(p-1 (0-1)(p-2) p-2 1k
D(p) = (-1)P~1(1?) ((-1)2) 6 EszP' ¥ (3 gin? K"
-1 p-2 -2 1k
D(p) = (-1)2"-_ E|_|_ op-1-k i (2 sin? BT

-1 (.'E‘22§2'1! -2 =1
)= (-1)22_ 2 j—ll—(l cos kg)P~17K - (-1)22_ P2

D(? =



TRIGONOMETRIC IDENTITIES ’ 708

from {1.1).
Hence we obtain our identity

!n—l!ég-zl -2
2 ETTkl-—cos kgf)P'l_k = Pp—2 (1.22)

ar

-1 -2 -2 ;
-(Ll&p——l El-]— p-1-k -
2 . (1-cos ggk) = pP 2. (1.13)
=1

T4 1s interesting that the identity (1.13) 1s valid also for p = 3.
-1 -2
We have p = 3, k = 1, 2 _2l-2

1
1 - i
2 TT(1-cos " = 201 - cos 120°) = 2(1 + }) = 3 = 3772,
k=1 > -

But the proof 15 not valid here, since 3|p. We find directly, with
f = cos 120° + i sin 120° from (1.1)
2 4
D(p) = (p - P22 = §2(1 - 2 + p2) = (97 - 27 + p),
since 93 =1, (?-—1)(?2 + P +1) =0, and for p £,
p2+9+1=0, pF+p=-1
Thus 92 - 2?3 + ?4 = 92 -2 + ? = -2 =-1= =3,
D(p) = (-1) ¢ 3772 = -3
Also [(cos 27“ + isin-z?“) - (cos %’E + isin%’z)]z
=(2isin-231£)2=--'+-%=_3. _
Now consider the Vandermonde determinant:

1 1 1 e 1
1 p2 ce. pPt
v= |1 p2 ?‘* 5:,2(1:>—1)

1 pp-1 f,2(13—1) P(p—l)2

-1
= _rr (?i;?3)=T.‘j;';(1_9J)’

0<i<3<p-1

) T a5 in (1.6).
Multiplying this determinant by itself we obtain

P o 0 -ee O
0 " 0 ... D
-1
- X Coee | = (_1327_ oP.
0 o )
0 ko] 0 Q




710 M. BAICA

In view of

-1 L 0 if p Y kel
ifka _ ?J=i?(kl)dz{

J=0 - J=o pifp | k4l
-1
Since (x-?'j) =l+x+x2+---+xP'1, for x = 1 we cobtain
3=1 :
—1 :
(l—?‘j) = p- Consequently V=pT. Hence | T2} = '2|V‘2| "2.
J=1 n=2 Tk 1
From the definition of T we obtain [TZ]| -"IT (|1 - P k| 2yP= But
21{11: _2 2km
11-? |2=2(1-cos P ), and then |T |=E|T (2(1-cos P ))P""l.
k=1

Hence (1.13) follows.

Here we did not use the assumption that p is a prime number.
Therefore (1.13) holds for every positive integer p > 3. (1.13) is
an Interesting identity and eny proof avoiding cyclotomic flelds could
be very difficult, if not insoluble.

2. NUMERIC APPLICATICN

We shall give & few examples for the identity (1.13). For this
purpose, we need a short review of known formulas.

Let egain be

D
VT = cos 2—1)“5 + i sin 2;1‘ K = 0,2,...,p-1

0,1,..-. lP‘l

P
;/I:(cos%+isin-—2§)k,k

Choosing agein k = 1, :;—“ = ¢4, we have

(cosg+ising)P-1=0
cosP g (L tangd+1)P -1-0

p__1 -
(1 tan ¢ + 1} _cosP,d_o’ (2.1)

and for the imaginery part of (2.1) we obtain, after cencelling by i;
-1
tanP o = (g)t_a.np"z,d+ (z)tanP"*;n +(-l)E2—p tang =0. (2.2)
Excluding tang = 0, we can divide (2.2) by tang and obtain the equa-
tion for teng
2 ,
2 V¥ (B et g o, (2.3)

This formula was alse stated by Gauss {i]. We shall still show how
the coa g cen be cbtzined from {2.3) since
tan2a=l" cosaa.
cos” «

We obtain from (2.3)
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2 3 '

. 1o
2 (g Li=ees -0 (2.5)

(cos p’) 2

Setting

cos’d = (2.5)

we obtain from (2.4)

p-1-2k
Z (-1)%(R ) dLxL 0 (2.6)

and in expanded’ form

-1 . n-3 ' ~5 -
= g R

B I NCEO N ) S
D=1 2 -9
L2 e ey
or
=] p-i-2k
Z -1¥a-xy 2 HE) - (2.7)

This equation is of degree Béi for cosz,d'. But there is another formula
for cosg which is obtained in the following way. We obtain for the
real part of

{cosd + isinp'}a -1=0

-1+

M

(—l)k(ari{) cosP 2K g gin* - 0

or

o
1
=

=1+ (- l)k(P) cos®” p’(l cOS ,d)k (2.8)

EMNI

which is easily trensformed inte

p=1-2k
a2 (DR 2 (a8 (5D co g 0 (2.9)

Ve obtain for the first element under the sigma sign with k = 0O

Eil
Z( )—1+(p)+(2)+---+ (Pl-)l)=2p‘1_
1=

Equation (2.9} is of degree p; one of its roots is, from -2—-“5-=ﬁ=0 for

k=0, cos O=1, so the polynomial (2.9) is divisible by cosg- 1. The
quotient polynomiel is of degree p-l, its p-1 roots ?“, %,. vay
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.(L%,l?-_ﬂ are pairwlse equal, viz. cos -2;—}:= cos (2n - %-15-), k=1,...,p-1,
hence this quotient polynomial is the perfect sguare of a pveolynomial
of degree 9—5-1—', the roots of which are cos kg, k=1,... ,%.

Formula (2.9) is also stated by Gauss [1] in a slightly different
form.

Ancther way to obtain cos ¢ directly is obtalned in the following
method investigated also by Perreon for symmetric polynomial. We have
the irreducible equetion {0.1)

L1 kP2 .00 sx+1=0.
-1

Dividing by x we obtain
B, 2 2o
x + =1 + x + 5o + " 4+
B 252

x

(2.10)
(x2+)—:'£) + (x+%) + 1 = 0.
We obtain easily, setting
x+lsv,
2 1 2 1 =
X +;-z=y -2, x3.+;3=}'3—3}f,
=1 -1 .
xp—z—+ 1 =yR2_+---. -

But x + ;L_c = cosg+ ising + cosg- isingd = 2 cosg=y, so that a root
of (2.10) is 2 cosg.

3. TWO EXAMPLES
We shall first investigate
Case A p = 5.
Equeticn (2.3) ylelds
tan’s - (3) tanf + (2) = 0;
Setting tan®g = x, we obtain
x® - 10x +5=0

tan®g = 5 + 2¢/5

X =

12 =l+tan2,d=6+2$/5',
cos

cosls o L1 _6-2/5

642¢5 16 !

cos g = @1—1- ' {3.1)
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Equation (2.9) yields

2 2-k
-1 + g (-1)k (; (&221)(1{;1)) °°55h2'k,d= o,

hence

-1+[1+(2) + (5)]0035;5— [( ¥ o+ (2)1]cos3p'+ (Z)cosﬂ= 0.
2% cos ,5— 20 cos3ﬁ+5cosp’-l=0 - (3.2)

dividing (3.2) by cosgd - 1, we obtain

16 cossff— 20 cos3p’+5 cosg— 1 _ L 5, .
cosg-1 = 16 cos g +16 cos’g — & cosg
-4 cosd+ 1

= {4 cosz,d+2cosp’ 1)2 0.
lt|-0052g)’+2u::l:as‘ya'—l 0 and cosg= 5/—5.—-———

Finally we shall use formula (2.10) and ob'l:ain

(x2+x—12)+(x+%) +l=0,x+%=y=2 cos g. {3.3)

Hence

y2-2+y+1 =0, y°-y-1=0, ¥ ='%’—1
cos g = % = &Z—l, as in (3.1).

Ve shall now verify identity (1.13) for p=5 and pruve with %T':- =g
26(1-cosp')3(1- cosz,d) 2(1 - cos 3¢4) = (3.4)
cosg = V3 Z L,

We have

- congn Sz 5 {5 W5 =1)

(/5-1)° = (6-2¢/5)(/5-1) = 8/5- 16 = 8(/5-2)
3 5v5 . B(y5-2 5 (s/’5—2)
(1- cos £)3 = 64&/3 ) 505

2
(1-cos2,d)2- (zsinzp’)z=£;'(1 %ﬁ) _4(10+2 ¢yB)° _

256
o 508212 512 5(3408
256 1z B

l-c033ﬂ=l—ﬁcqs3jz£.+3 coa-p’= 1~ ‘/5'2'2 + 3‘/51:3 = 5"'4‘/5 .
Hence 26(1 - cas ﬁ’)3(1 - cos2;{)2(1 - cos3g)

6. 5054/5-2) . 5(/5+3) . Y5 (/543) 205 - b _ 3
8 8 . [ B - 8 - &~

which proves (3.4).

Case B p=7.

Here 1t will be extremely difficult to state explicitly coa -7-.-
cos g, and the more sc to verify our identity (1.13). PFor we obtain
from (2.3)

tan®s - §)tan’s + Qrtan’s + (@) -



714 M. BAICA

tan®4 - 21 tan®f + 35 tan®d - 7 = 0, and
with ta.nzp' =¥,
y-a-?_ly2+35y-7=0. (3.5)
From (2.9) we obtain
1+2° cosTs - (D) + (D2 + (D3] cos™B + 5.6)
(D) + (D)D) Ieosd - (Preos g = 0. T
B cos'?p'- 112 cos5,d+56 co'SBp’- 7 cgsp’—l: 0. {3.7).

Dividing (3.7) by cos@-1 yields

7 5 3
64 cos'd-112 cos Jgo+s5¢6-cis B-7 cosg-1 _ 6L 0056’1{"_64 coas,d _

48 cos"td - 48 -cos3;f +8 cosz,d +8 coagd+1= (8 cos3;a' +4 cosz,d— Lcosg- 1)?
=0. 8 cns?p’+ﬁ- cosaﬁ!-ﬂ coag-~1= 0, setting cos,d='£

v +y2 -2y - 1= 0. (3.8)
We finally get from (2.10)
3 1 2 1 1 - 0O .
(x +;3)+|( +J—c-£)+(x+x)+l 0; (3.9)

2 cosg= x+% =y, cosg= %;‘_,_
(3.9} vields ' '
-3y+y2—2+y+1=0,
+y° - 2y -1 =0, which is equation (3.8).
We leave 1t to the reader to calculate cosg from (3.5) or (3.8),
and then teo verify our identity (1.13). o
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